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Abstract

~

We give an introduction to the Fock space representations of the affine Lie algebras s, and
their quantum analogues U, (sl,). We explain the construction of their canonical bases, and
the relationship with decomposition matrices of g-Schur algebras at an nth root of 1. In the last
section we give a brief survey of some recent higher level analogues of these constructions.

__ Nous donnons une introduction aux représentations de Fock des algebres de Lie affines
sl, et de leurs analogues quantiques U,(sl,). Nous expliquons la construction de leurs bases
canoniques, et leur relation avec les matrices de décomposition des g-algebres de Schur en
une racine n-ieme de ’unité. Dans la derniére partie nous donnons un bref compte-rendu de
résultats analogues récents pour les niveaux supérieurs a 1.
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1 Introduction

In the mathematical physics literature, the Fock space .7 is the carrier space of the natural irre-
ducible representation of an infinite-dimensional Heisenberg Lie algebra $). Namely, .# is the
polynomial ring Clx; | i € N*], and §) is the Lie algebra generated by the derivations d/dx; and the
operators of multiplication by x;.

In the 70’s it was realized that the Fock space could also give rise to interesting concrete
realizations of highest weight representations of Kac-Moody affine Lie algebras g. Indeed g has
a natural Heisenberg subalgebra p (the principal subalgebra) and the simplest highest weight g-
module, called the basic representation of g, remains irreducible under restriction to p. Therefore,
one can in principle extend the Fock space representation of p to a Fock space representation F
of g. This was first done for g = sl by Lepowsky and Wilson [LW]. The Chevalley generators of
5A[2 act on .% via some interesting but complicated differential operators of infinite degree closely
related to the vertex operators invented by physicists in the theory of dual resonance models. Soon
after, this construction was generalized to all affine Lie algebras g of A, D, E type [KKLW].

Independently and for different purposes (the theory of soliton equations) similar results were
obtained by Date, Jimbo, Kashiwara and Miwa [DJKM] for classical affine Lie algebras. Their
approach is however different. They first endow .# with an action of an infinite rank affine Lie
algebra and then restrict it to various subalgebras g to obtain their basic representations. In type
A for example, they realize in .# the basic representation of gl,, (related to the KP-hierarchy
of soliton equations) and restrict it to natural subalgebras isomorphic to ;[n (n > 2) to get Fock
space representations of these algebras (related to the KdV-hierarchy for n = 2). In this approach,
the Fock space is rather the carrier space of the natural representation of an infinite-dimensional
Clifford algebra, that is, an infinite dimensional analogue of an exterior algebra. The natural
isomorphism between this “fermionic” construction and the previous “bosonic” construction is
called the boson-fermion correspondence.

The basic representation of g has level one. Higher level irreducible representations can also
be constructed as subrepresentations of higher level Fock space representations of g [F1, F2].

After quantum enveloping algebras of Kac-Moody algebras were invented by Jimbo and Drin-
feld, it became a natural question to construct the g-analogues of the above Fock space represen-
tations. The first results in this direction were obtained by Hayashi [H]. His construction was
soon. developed by Misra and Miwa [MM], who showed that the Fock space representation of
U, (sl,) has a crystal basis (crystal bases had just been introduced by Kashiwara) and described it
completely in terms of Young diagrams. This was the first example of a crystal basis of an infinite-
dimensional representation. Another construction of the level one Fock space representation of
U, (sl,) was given by Kashiwara, Miwa and Stern [KMS], in terms of semi-infinite g-wedges. This

relied on the polynomial tensor representations of U, (fsA[n) which give rise to the quantum affine



analogue of the Schur-Weyl duality obtained by Ginzburg, Reshetikhin and Vasserot [GRV], and
Chari and Pressley [CP] independently.

In [LLT] and [LT1], some conjectures were formulated relating the decomposition matrices
of type A Hecke algebras and g-Schur algebras at an nth root of unity on the one hand, and the
global crystal basis of the Fock space representation .# of U, (;[,,) on the other hand. Note that
[LT1] contains in particular the definition of the global basis of .%, which does not follow from the
general theory of Kashiwara or Lusztig. The conjecture on Hecke algebras was proved by Ariki
[A1], and the conjecture on Schur algebras by Varagnolo and Vasserot [VV].

Slightly after, Uglov gave a remarkable generalization of the results of [KMS], [LT1], and
[VV] to higher levels. Together with Takemura [TU], l/l\e introduced a semi-infinite wedge real-
ization of the level ¢ Fock space representations of U, (sl,), and in [U1, U2] he constructed their
canonical bases and expressed their coefficients in terms of Kazhdan-Lusztig polynomials for the
affine symmetric groups.

A full understanding of these coefficients as decomposition numbers is still missing. Recently,
Yvonne [Y2] has formulated a precise conjecture stating that, under certain conditions on the com-
ponents of the multi-charge of the Fock space, the coefficients of Uglov’s bases should give the de-
composition numbers of the cyclotomic g-Schur algebras of Dipper, James and Mathas [DiJaMa].
Rouquier [R] has generalized this conjecture to all multi-charges. In his version the cyclotomic
g-Schur algebras are replaced by some quasi-hereditary algebras arising from the category & of
the rational Cherednik algebras attached to complex reflection groups of type G(¢, 1,m).

In these lectures we first present in Section 2 the Fock space representations of the affine Lie
algebra sl,,. We chose the most suitable construction for our purpose of g-deformation, namely,
we realize .% as a space of semi-infinite wedges (the fermionic picture). In Section 3 we explain
the level one Fock space representation of U, (sl,) and construct its canonical bases. In Section 4
we explain the conjecture of [LT1] and its proof by Varagnolo and Vasserot. Finally, in Section 5
we indicate the main lines of Uglov’s construction of higher level Fock space representations of
U, (;[,1) and of their canonical bases, and we give a short review of Yvonne’s work.

2 Fock space representations of g[n

2.1 The Lie algebra 5A[n and its wedge space representations

We fix an integer n > 2.

2.1.1 The Lie algebra sl,

The Lie algebra g = sl,, of traceless n x n complex matrices has Chevalley generators

Ei=FE;i.1, F=E1;, H=E;i—Eyi, (1<i<n—1).
Its natural action on V = C" = @ | Cy; is
Evj=06ji1vi, Fvj=38;wiy1, Hvj=8;vi—08jir1viy1, (1<i<n—1).

We may picture the action of g on V' as follows

Fi P o
Vi =Sy sy,



2.1.2 The Lie algebra L(sl,)

The loop space L(g) = g ® Clz,z '] is a Lie algebra under the Lie bracket
a®,bod]=a,b)F",  (a,beg, klec).

The loop algebra L(g) naturally acts on V(z) =V ® C[z,z"!] by

(a®7)-(ved)=ave,  (acg,veV, kIcZ).

2.1.3 The Lie algebra ;[n

The affine Lie algebra g = ET[,, is the central extension L(g) & Cc with Lie bracket
la®Z"+2de, b +uc) = [a,b] @ + k& _str (ab)c, (a,beg, A,ueC, kleZ).
(1)

n—1

This is a Kac-Moody algebra of type A’ ’, with Chevalley generators

e=E®1, fi=F®l, h=H®I, (1<i<n—1),
e0=E1®2 fo=En,®z", hy=(Em—En)®1+c.
We denote by A; (i =0,1,...,n— 1) the fundamental weights of g. By definition, they satisfy
Ai(hj) = &ij, 0<i,j<n—1).

Let V(A) be the irreducible g-module with highest weight A [K, §9.10]. If A = Y, a;A; then the
central element ¢ = Y ; i; acts as ) ;a;Id on V(A), and we call £ =Y ;a; the level of V(A). More
generally, a representation V of g is said to have level ¢ if ¢ acts on V by multiplication by /.
The loop representation V(z) can also be regarded as a representation of g, in which ¢ acts
trivially. Define
Ui = Vi D 75, (1<i<n, keZ).

Then (u; | j € Z) is a C-basis of V(z). We may picture the action of g on V(z) as follows
g e o B ey A B
Note that this is not a highest weight representation.

2.1.4 The tensor representations

For r € N*, we consider the tensor space V(z)®". The Lie algebra g acts by derivations on the
tensor algebra of V(z). This induces an action on each tensor power V (z)*”, namely,

(i, @ @ui) = (X)) @ Quy, + -y @ @ (xuy, ), (x€g, i1, i €Z).

Again c acts trivially on V (z)®".
We have a vector space isomorphism V¥ @ C[z,...,z5] — V(z)®" given by

(Vi @ @) @2z (v, @)@ @ (v, ®27), (1< ityeeeyip <, jiy.enyjy € L)



2.1.5 Action of the affine symmetric group

The symmetric group &, acts on V" @ C[z7,...,z] by

i ; Jo—1 Jo—1(r
o(viy @ @v,) @2y -z = (Vig—m) ®m®v"a—1(r>)®zla W™, (0 €6,).
Moreover the abelian group Z" acts on this space, namely (k,...,k,) € Z" acts by multiplication
by z’fl ---Z%. Hence we get an action on V(z)®" of the affine symmetric group &, := &, x Z'.

Clearly, this action commutes with the action of g.
It is convenient to describe this action in terms of the basis

(ui:uil® QU ’i:(ilr--air)EZF)'

Denote by sy = (k,k+1), (k=1,...,r—1) the simple transpositions of &,. The affine symmetric
group &, acts naturally on Z" via

Spel = (fnyee ey lkrly iy 0r), (1<k<<r—1),
zj-i = (i,...,ij—n,....i;), (1<j<r),
and we have R
WU = Uy, (ieZ,wes,).

Thus the basis vectors u; are permuted, and each orbit has a unique representative u; with
icA ={icZ |1<i<i< - <i<n}.

Leti € A,. The stabilizer G; of u; in ér is the subgroup of &, generated by the s; such that
ix = ix41, a parabolic subgroup. Hence we have finitely many orbits, and each of them is of the
form &, /&; for some parabolic subgroup &; of &,.

2.1.6 The wedge representations

Consider now the wedge product A"V (z). It has a basis consisting of normally ordered wedges
A == Ui N, N+ N, (i= (i] >l > > ir) € Zr).

The Lie algebra g also acts by derivations on the exterior algebra AV (z), and this restricts to an
action on \"V(z), namely,

x(uiy Ao AN, ) = (xug ) AN AN, - A A (), (x€G, i1, i €Z).
Again c acts trivially on A"V (z).

We may think of A"V (z) as the vector space quotient of V (z)®” by the subspace

r—1
Sy =Y Im(sp+1d) C V(2)*"
k=1

of “partially symmetric tensors”.



2.1.7 Action of the center of (C@,

The space ., is not stable under the actiog of (‘AS,. (For example if r = 2, we have z; (1o @ up) =
u_, up, which is not symmetric.) Hence &, does not act on the wedge product A"V (z). However,
for every k € 7Z, the element

by = Z ZF

i=1
of the group algebra (Cér commutes with &, C ZGAS,. Therefore it has a well-defined action on
N'V(z), given by

bk(/\ui) = Uik N Uiy N - NUG, Ui Ny e N ANy, gy ANy, N Ny i

This action commutes with the action of g on A"V (z). The elements by (k € Z) generate a subal-
gebra of CG, isomorphic to the algebra of symmetric Laurent polynomials in r variables.

2.2 The level one Fock space representation of ;[n

We want to pass to the limit » — oo in the wedge product A"V (z).

2.2.1 The Fock space .7
For s > r define a linear map ¢, : A"V (z) — A°V(z) by
Ors(Nti) = AUy At_p Nttt N+~ NU_gq 1.
Then clearly @;; 0 @.; = ¢,; for any r < s <t. Let
NV (z) = lim NV (2)

be the direct limit of the vector spaces A"V (z) with respect to the maps ¢,;. Each Ay; in A"V (z)
has an image ¢,(Au;) € A*V(z), which should be thought of as the “infinite wedge”

Or(Ati) =N AU_p ANU_yp ] N NU_g N+

The space .7 := A*V(z) is called the fermionic Fock space. It has a basis consisting of all infinite
wedges
wiy Ntiy N -+ N, A==+ ((1>0> >0 >-),
which coincide except for finitely many indices with the special infinite wedge
’@) =UgNUAN - NU— NU—fp N+

called the vacuum vector. It is convenient to label this basis by partitions. A partition A is a finite
weakly decreasing sequence of positive integers A; > A, > --- > A; > 0. We make it into an infinite
sequence by putting A; = 0 for j > s, and we set

) = g, Ay A Ay Ao

where iy = A4 —k+1 (k> 1).

This leads to a natural N-grading on .# given by deg|A) = ¥; A; for every partition A. The
dimension of the degree d component .7 (@) of F is equal to number of partitions A of d. This can
be encoded in the following generating function

1

d=0 k>1



2.2.2 Young diagrams

Let & denote the set of all partitions. Elements of &7 are represented graphically by Young
diagrams. For example the partition A = (3,2) is represented by

If y is the cell in column number i and row number j, we call i — j the content of 7y. For example
the contents of the cells of A are

-1 0
0[1]2]
Giveni € {0,...,n— 1}, we say that ¥ is an i-cell if its content ¢(7y) is congruent to i modulo 7.

2.2.3 The total Fock space F

It is sometimes convenient to consider, for m € Z, similar Fock spaces .%,, obtained by using the
modified family of embeddings

(pr(,T) (AUz) := Aty Aty ANty A+ A1 1.
The space .%#,, has a basis consisting of all infinite wedges
Uiy Nty N N N+ (1> > >0 >),
which coincide, except for finitely many indices, with
|0} := thyy A thy—1 A= ANty AN th—yp—y N\ =+
The space F = ®,,c7.%,, is called the total Fock space, and .#,, is the Fock space of charge m.
Most of the time, we shall only deal with .# = .%.
2.2.4 Action of f;

Consider the action of the Chevalley generators f; (i=0,1,...n—1) of g on the sequence of vector
spaces A"V (z). It is easy to see that, for Au; € A"V (2),

Ji @rs(Nti) = @rir s fi Pyt (A
for all s > r.
Exercise 1 Check this.
Hence one can define an endomorphism f;° of .% by
I7 0 (Nti) = @rit fi Qrrir (). )

The action of f;° on the basis {|1) | A € &} has the following combinatorial translation in terms
of Young diagrams:

[ =Y w), 3)
u
where the sum is over all partitions u obtained from A by adding an i-cell.
Exercise 2 Check it. Check that, for n = 2, we have

13, 1) =13,2) +13,1,1), 13,0 =14,1).



2.2.5 Action of ¢;

Similarly, one can check that putting e°@.(Au;) := @,(e; A u;) one gets a well-defined endomor-
phism of .%. Tts combinatorial description is given by

el =Y IA), )
A

where the sum is over all partitions A obtained from y by removing an i-cell.
Exercise 3 Check it. Check that, for n = 2, we have
ep|3,1) =12,1),  €7[3,1) =13).
Theorem 1 The map
e,ﬂ—)é?, fi’_>fi0°7 (O<l<n_l)>

extends to a level one representation of g on F.

Proof — Let u be obtained from A by adding an i-cell y. Then we call ¥ a removable i-cell of 1
or an addable i-cell of A. One first deduces from Eq. (3) (4) that i := [¢?°, f°] is given by

hi|A) = Ni(A)[4), 5)
where N;(A) is the number of addable i-cells of A minus the number of removable i-cells of A.
It is then easy to check from Eq. (3) (4) (5) that the endomorphisms ¢, f7°, A7 (0<i<n—1)

satisfy the Serre relations of the Kac-Moody algebra of type Afllj | (see [K, §0.3, §9.11]). Now,
c=ho+h +---+h,_ acts by

n—1
i) = L MAIA)

Clearly, the difference between the total number of addable cells and the total number of removable
cells of any Young diagram is always equal to 1, hence we have Y~ N;(A) = 1 forevery 2. O

Thus the Fock space .7 is endowed with an action of g. Note that, although every A"V(z) is
a level O representation, their limit .% is a level 1 representation. This representation is called the
level 1 Fock space representation of g.

Note also that A"V (z) has no primitive vector, i.e. no vector killed by every ¢;. But .% has
many primitive vectors.

Exercise 4 Take n = 2. Check that vo = |0) and v = |2) — |1, 1) are primitive vectors. Can you
find an infinite family of primitive vectors ?

2.2.6 Action of b,
Recall the endomorphisms by (k € Z) of A"V (z) (see §2.1.7). It is easy to see that, if k # 0, the

vector @by @, s(Au;) is independent of s for s > r large enough. Hence, one can define endomor-
phisms b}y’ (k € Z*) of .7 by
by @r(Aui) := Qs bk @rs(Aui) (s> 1). (6)
In other words
by (uiy Nuig N+ ++) = (i —pie Nttiy N+ +) + (iy Ntiy—pge A= ++) 4+

where in the right-hand side, only finitely many terms are nonzero. By construction, these endo-
morphisms commute with the action of g on .%. However they no longer generate a commutative
algebra but a Heisenberg algebra, as we shall now see.



2.2.7 Bosons

In fact, we will consider more generally the endomorphisms f; (k € Z*) of .# defined by
Bre(uiy Nwiy N ---) = (i e Awtiy A=)+ (i Nty g A=) Q)
so that by = By.

Proposition 1 For k,l € Z*, we have [By,B] = & —1k1d .

Proof — Recall the total Fock space F = @,,c7.%,, introduced in §2.2.3. Clearly, the definition
of the endomorphism f; of .% given by Eq. (7) can be extended to any .%,,. So we may consider
By as an endomorphism of IF preserving each .%,,. For i € Z, we also have the endomorphism w;
of F defined by w;(v) = u; Av. It sends %, to %, for every m € Z. For any v € IF, we have

Bkw,-(v) = ﬁk(u,- /\V) =ui_ 1 ANv+u; /\ﬁk(v),

hence [B, w;] = w;_k. It now follows from the Jacobi identity that

Bk, Bi], wil = [[Bk,wil, Bi] — [[Brswil, Be] = Wik Bi] — Wit, Be] = —wik—1 + Wik = 0.

Let us write for short y = [B,;]. We first want to show that y = kIdr for some constant k.
Consider a basis element v € .%,,. By construction we have

V:”il/\"’/\”iN/\‘wmfN>

for some large enough N and i; > i > --- > iy > m — N. Since Y commutes with every w;, we
have
Y) = iy A= Nt AY(|0-n))- (3)

We have
Y(mm—N)) = Z Ojum, ; AN Umy A Mm—N—L>
J

for some large enough L and mmy j > --- >my j >m—N — L. Clearly, m; j <m— N+ |k|+|I|. Tak-
ing N large enough, we can assume that {m —N+1,m—N+2,....m—N+|k|+|l|} C {i1,...,in}.
Hence we must have m; ;j = m — N for every j, and this forces my j =m—N—1,....,my ; =
m—N — L+ 1. This shows that y(v) = K, v for some scalar &,. Now Eq. (8) shows that k, = kg, )
for N large enough, so k, = Kk does not depend on v.

Finally, we have to calculate k. For that, we remark that f3; is an endomorphism of degree —k,
for the grading of .% defined in §2.2.1. Hence we see that if K+ # 0 then k¥ = 0. So suppose
k= —1>0, and let us calculate [B, B;]|0). For degree reasons this reduces to i _x|0). It is easy
to see that B_;|0) is a sum of k terms, namely

B,k|@> = up N\ |0_1> +ug N1 N\ ‘0_2> Rl o 7/ WA /5 WARKRWAY /SN ST, WAN /3 WA\ |0,k>.
Moreover one can check that each of these k terms is mapped to |0) by B. O

Proposition 1 shows that the endomorphisms B; (k € Z*) endow .# with an action of an
infinite-dimensional Heisenberg Lie algebra $) with generators p;,g;(i € N*), and K, and defining
relations

[pi.q;] =i6;—jK, [K,pi]=[K,q]=0.



In this representation, K acts by Idr, and deg(g;) = i = —deg(p;). Its character is given by Eq. (1),
so by the classical theory of Heisenberg algebras (see e.g. [K, §9.13]), we obtain that .% is isomor-
phic to the irreducible representation of §) in # = Clx; | i € N*] in which p; = d/dx; and g; is the
multiplication by x;. Note that we endow % with the unusual grading given by degx; = i. Thus
we have obtained a canonical isomorphism between the fermionic Fock space .% and the bosonic
Fock space 2. This is called the boson-fermion correspondence.

Exercise 5 Identify 2 = C[x; | i € N*] with the ring of symmetric functions by regarding x; as the
degree i power sum (see [Mcd]). Then the Schur function s, is given by

sp= Y (1)xu /2y,
u

where for A and u = (1%1,2%...) partitions of m,

_ kk _ 1k k
Xy =X,'x57 -, = 1"k 12%ky! - - -

and y; (1) denotes the irreducible character ), of G,, evaluated on the conjugacy class of cycle-
type i. Show that the boson-fermion correspondence .# — % maps |A) to s; [MJID, §9.3], [K,
§14.10].

2.2.8 Decomposition of .7

Let us go back to the endomorphisms b;° = B, (k € Z*) of §2.2.6. By Proposition 1, they generate
a Heisenberg subalgebra §,, of End.%# with commutation relations

be.b7] =nk&_1dz, (k1 €Z"). 9)

Since the actions of g and §),, on .% commute with each other, we can regard .% as a module over
the product of enveloping algebras U (g) @ U ($),). Let C[$),, ] denote the commutative subalgebra
of U($,) generated by the b" (k < 0). The same argument as in §2.2.7 shows that C[$);/]|0) is an
irreducible representation of §j,, with character

1
—_—. (10)
g 1 _tnk
On the other hand, the Chevalley generators of g act on |0) by
€i|0) =0, fil0) =&ioll), hil0) = 8;0|0), (i=0,1,...,n—1).

It follows from the representation theory of Kac-Moody algebras that U (g)|0) is isomorphic to the
irreducible g-module V (Ag) with level one highest weight Ag, whose character is (see e.g. [K, Ex.
14.3])

n—1 1
—_—. (1
]{I;!) ,];]1: 1— tnk+l
By comparing Eq. (1), (10), and (11), we see that we have proved that

Proposition 2 The U(g) @ U(9,)-modules F and V (Ag) @ C[$,] are isomorphic. 0

We can now easily solve Exercise 4. Indeed, it follows from Proposition 2 that the subspace
of primitive vectors of .% for the action of g is C[$),,]. Thus, for every k > 0,

nk

b00) = Y. (~1)% 0, 1)

i=1
is a primitive vector. Here, (i,1"¥~%) denotes the partition (i,1,1,...,1) with 1 repeated nk — i
times.

10



2.3 The higher level Fock space representations of ;[n
2.3.1 The representation .7 [/

Let ¢ be a positive integer. Following Frenkel [F1, F2], we notice that g contains the subalgebra
ﬁm =g® (C[Zg, Z_g] @ Cec,
and that the linear map 1, : g — @[, given by

pae)=ax, y)=Lle, (acg, ke,

is a Lie algebra isomorphism. Hence by restricting the Fock space representation of g to ﬁm we
obtain a new Fock space representation .% [¢] of g. In this representation, the central element ¢ acts
via 1/(c) = lc, therefore by multiplication by ¢. So .Z[¢] has level ¢ and is called the level ¢ Fock
space representation of g. More generally, for every m € Z we get from the Fock space .%#,, of
charge m a level £ representation .%,,[¢] of sl,,.

2.3.2 Antisymmetrizer construction

The representations .%,[¢] can also be constructed step by step from the representation V(z) as we
did in the case £ = 1. This will help to understand their structure. In particular, it will yield an
action of sl; of level n on .%,,[¢], commuting with the level ¢ action of sl,,.

(a) The new action of g on V(z) coming from the identification g = ﬁ[f] is as follows:

ey = Ok=it1Uk—1, fik = Ok=iUit1, (1<i<n—1),
eouy = S=1Wp_1—(—1yn> JoUk = Ok=0Uks1+(t—1)n-

Here, &;—; is the Kronecker symbol which is equal to 1 if kK =i mod n and to O otherwise. For
example, if n =2 and £ = 3, this can be pictured as follows:

Jo U_s S Uy Jo ” h wy Jo u S ug fo
fo U3 fi U Jo 13 bil s fo o fi o Jo

fo " fi o fo Uis f e Jo - fi Ui fo

This suggests a different identification of the vector space V(z) with a tensor product. Let us
change our notation and write U := &;Cu;. We consider again

n
V= @Cvi,
i=1
and also ,
W= @CW‘/.
j=1
Then we can identify W ® V @ C[z,z~!] with U by

Wi RV @2 = iy (j-1)ntnks (1<i<n, 1<j<t, ke). (12)
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Now the previous action of g = E:\[n on the space U reads as follows:

ei = ldwE®1l, fi = Ildw®F®]1, hi = ldw®H;®]1, (1<i<n—1),
e = ldwQ®E,|®z, fo = Idy ®E1,@z7Y, hy = Idw @ (Enp — Enn) @1

But we also have a commuting action of g := ;[g given by

¢ = E®ldy®l, fi = EQldy®l, h o= Heldyol, (1<i<li-1),
0 = Enoldy®z, fo = Eyeldy®@z, hy = (Ep—En)®ldy®]1.

Here, we have denoted by Ei ;j the matrix units of gl,, and we have set El- = Ej’i+1, fl = E,'HJ and
Hi=FE;;—Eii1i1.

(b) From this we get as in §2.1.4 some tensor representations. Let r € N*. We have
U =(WRVaC,z ) =W v C[::,. ..,

This inherits from U two commuting actions of g and of g. R
We have endowed V*" ® (C[ZT, ...,zF] with a left action of &, in §2.1.5. Similarly, we endow
W®" with a right action of &,, given by

Wi &---Qw; -0 = 8(0’)(W,’6(1) Q- ®Wi6(r)) (ce6,),
where £(0) denotes the sign of the permutation ©.

(c) We can now pass to the wedge product and consider the representation A"U, on which g and
g act naturally. It has a standard basis consisting of normally ordered wedges

Nty = ujy N+ N, (i1>"'>ir€Z).
Proposition 3 We have the following isomorphism of vector spaces

NU W @cs, (V" @Clzy ...,z ]) -

Proof — Let 1~ denote the one-dimensional sign representation of G,. We have
NU 21" ®cg, U,

where &, acts on U®" by permuting the factors. Let A and B be two vector spaces. Then it is easy
to see that
1" ®cs, (ARB)Y 2 A @ce, B,

where &, acts on B®" by permuting the factors, and on A®” by permuting the factors and mul-
tiplying by the sign of the permutation. Recall that the left action of &, on (V ® C[z¥])®" is by
permutation of the factors, while the right action of &, on W®" is by signed permutation of the
factors. It follows that

NU =W @cs, (VR ClZE) " =W @cs, (V" @C[et,...,2]) .

12



(d) Theelements by =Y ; sz € (Cér commute with &, C @r, hence their action on
U 2W @V @Clzr,. ..,z

by multiplication on the last factor descends to A"U. Using Eq. (12), we see that it is given on the
basis of normally ordered wedges by

bk(/\ui) = Uit NUiy N Ny, + Wiy Ntjy e N - N, <o+ ugy Ny N N ik (13)
This action commutes with the actions of g and g.

(e) Finally, we can pass to the limit » — oo as in §2.2. For every charge m € Z, we obtain exactly
in the same way a Fock space with a standard basis consisting of all infinite wedges

Aty =, Ay ANy Ay (= > > >0, > ) e ZV),
which coincide, except for finitely many indices, with
|0} := thyy A thyy—1 AN Nty AN thy—p—y N\ -+

We shall denote that space by .%,,[¢], since it is equipped with a level ¢ action of g, obtained,
as in §2.2.4, §2.2.5, by passing to the limit » — o in the action of (¢). It is also equipped with
commuting actions of g of level n, and of the Heisenberg algebra £),,, generated by the limits b}’
of the operators by of Eq. (13), which satisfy

[b;°7bz°] = ng.] 6]71{ Id?m[f]a (jak € Z*) (14)

2.3.3 Labellings of the standard basis

It is convenient to label the standard basis of .%,,[¢] by partitions. In fact, we shall use two different
labellings. The first one is as in §2.2.1, namely, for Awy; € %, [¢] we set

M=ix—m—k+1, (kEN*)

By the definition of .%,,[¢], the weakly decreasing sequence A = (A | k € N*) is zero for k large
enough, hence is a partition. The first labelling is

Aug = |A,m). (15)
For the second labelling, we use Eq. (12) and write, for every k € N*,
Uiy, = Wp, @ Vg, @2%, (I<ar<n, 1 <b <L, ek €Z).
This defines sequences (ay), (by), and (cx). For each t = 1,...,¢ consider the infinite sequence

kgt) < kg) < .-+, consisting of all integers k such that b, =¢. Then it is easy to check that the
sequence

a0 —NC 0, Ao —NC W, - (16)
2 2

K k

1 1
is strictly decreasing and contains all negative integers except possibly a finite number of them.
Therefore there exists a unique integer m;, such that the sequence

}Ll(t) = akgt) - I’leEt) — N, 242(1) = akér) - nckg) — m; — 1, A{’;(t) = akgr) - I’lckét) —m; — 2,
is a partition A®). Let A, = (A(1),... 1(9) be the ¢-tuple of partitions thus obtained, and let
my = (my,...,my). The second labelling is
AUy = |&Z,m(g>. (17)
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Example 1 Let n =2 and £ = 3. Consider Ay; given by the following sequence
i=(7, 6,4, 3 1,—-1,-2,-3,-5,-6,...)
containing all integers < —5. It differs only in finitely many places from the sequence
(3, 2, 1, 0,—1,-2,-3,—4,-5,—6,...).

Hence m =3 and A = (4,4,3,3,2,1,1,1).

For the second labelling, we have (use the picture in §2.3.2 (a))

uy = w1V ®Zil, Ug = w3zQ®wm ®ZO, Ug = WQWwm ®ZO,
us3 = wyQv ®Z0, Ui = wiQv ®ZO, Uu_1 = w3®n ®Zl,
U7 = WrQ@W ®zl, U3 = wr®mn ®z1, U5 = widmn ®zl,

Hence the sequences in Eq. (16) are

3,1, -1, -2, -3, ... (t=1),
2,1,0, -1, -2, ... (t=2),
2, —1, =2, —3,... (t =3).

It follows that m3 = (1,2,0) and A5 = ((2,1),0,(2)).

Exercise 6 Prove that m; + - - - +my = m. Show that the map (A,m) — (1,,my) is a bijection from
P xTLto P <7

2.3.4 The spaces F[m/]

Define Z‘(m) = {(my,...,my) € Z* | my +--- +my = m}. Given my € Z*(m), let Fim/] be the
subspace of .%,,[¢| spanned by all vectors of the standard basis of the form |A,,m/) for some
(-tuple of partitions A ,. Using Exercise 6, we get the decomposition of vector spaces

Tnlll= & Fmy. (18)

my ezt (m)

Moreover, since the action of g on W ® V ® C[z*] involves only the last two factors and leaves
W untouched, it is easy to see that every summand F[my] is stable under g. Similarly, since the
action of the bosons by involves only the factor C[z7, ...,z in U®" =W @ V' @ C[z7, ...,z ],
each space F[my| is stable under the Heisenberg algebra §),,. Therefore Eq. (18) is in fact a
decomposition of U (g) ® U (£),,¢)-modules.

The space Fmy] is called the level £ Fock space with multi-charge my.

Remark 1 When ¢ = 1, Flm,] = .%,, is irreducible as a U(g) ® U($),)-module (see Proposi-
tion 2). But for £ > 1, the spaces F[my] are in general nor irreducible as U (g) @ U ($),,¢)-modules.

14



2.3.5 /{-tuples of Young diagrams

Let us generalize the combinatorial definitions of §2.2.2 to ¢-tuples of Young diagrams. Consider
an /-tuple of partitions A, = (A1), ..., 1(¥)). We may represent it as an /-tuple of Young diagrams.
Given my = (my,...,my) € Z', we attach to each cell y of these diagrams a content c(y). If y is
the cell of the diagram A(%) in column number i and row number j then

c(y)=mg+i—j. (19)
For example let A, = ((2,1),(2,2),(3,2,1)) and m; = (2,0,3). The contents of the cells of
(my,A,) are
1] —10
2[3] [o]1

3
415

Sol=]

)

The pair (my,A,) is called a charged (-tuple of Young diagrams. If i € {0,1,...,n— 1}, we say
that a cell y of (my,A,) is an i-cell if its content ¢(7y) is congruent to i modulo 7.
2.3.6 Action of the Chevalley generators on F{m/]

By unwinding the definition of the action of g on F[m|, and the correspondence between the
labellings of the standard basis, one obtains the following simple combinatorial formulas for the
action of the Chevalley generators, which generalize those of §2.2.4 and §2.2.5.

Proposition 4 We have

filApme) =) |u,,my), (20)
where the sum is over all i, obtained from A, by adding an i-cell. Similarly,

eilp,,me) =Y [Ag,my), 1)
where the sum is over all A, obtained from by removing an i-cell. O

Exercise 7 Taken =2, /=3, m3 = (0,0,1),and A; = ((1), (2), (1,1)). Check that

60‘137m3> = ( ( ),( ) )) ((1),(2),(1>),

er|lAy,mz) = ((1),(1),(1, ))

fOVL37 3> = (( )7(3)7( ) ) ( ) (2) (271))7

fildz,mz) = ((2),(2),(1,1)) +((1,1), (2), (1,1)) + ((1),(2,1),(1,1)) + ((1),(2), (1,1, 1)).
Denote by ry (1 < k < ) the residue of my modulo n. It follows from Eq. (20), (21) that |0, m)

is a primitive vector of F[my], of weight

Exercise 8 Check it.

Hence we see that the submodule U (g)|0,my) is isomorphic to the irreducible module V (A, ). In
particular, every integrable highest weight irreducible g-module can be realized as a submodule of
a Fock space representation.

The formulas (20), (21) also show that the action of the Chevalley generators, and hence the
isomorphism type of F[my], only depends on the residues modulo n of the components of the
multi-charge m,. Therefore we do not lose anything by assuming that m, € {0,1,...,n—1}*.

This is in sharp contrast with the quantum case, where it will be important to deal with multi-
charges my € Z.
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3 Fock space representation of U, (;[n) : level 1

In this section we study a g-analogue of the constructions of §2.1 and §2.2.

3.1 The quantum affine algebra U, (5A[n)

The enveloping algebra U(g) has a g-analogue introduced by Drinfeld and Jimbo. This is the
algebra U, (g) over Q(q) with generators e;, fi,f;,t;' (0 < i < n— 1) subject to the following
relations:

Lt =t = 1, Litj =1;t;
0 a S an ti—t!
hefty =qvep, it =a " fp, o efi=fiei= 0y — o
1—a;;
il k l—a,’j l—a;j—k k . .

Z (—1) k € eje; =0 (i #J),

k=0 q
] k 1 — ajj 1—a;j—k k . .

N R W )

k=0 q

(1)

n—1°
] -ttt
kilq (K] [k = 1]---[1]

Here, A = [a;j]o<i j<n—1 is the Cartan matrix of type A and

is the g-analogue of a binomial coefficient, where [k] = 1+¢q+---+¢f L.
Exercise 9 Check that K := fot; - - 1,1 is central in U, (g).

The g-analogue of the “vector” representation V (z) of g (see §2.1.3) is the Q(q)-vector space

U :=PQ(q)u

k€EZ

with the U,(g)-action given by
et = Sji 11, filtk = Sezittieyr,  fitt = OOy
Exercise 10 Check that this defines a representation of U, (g). Check that K acts on U by multi-
plication by ¢° = 1, i.e. U is a level O representation of U,(g).
3.2 The tensor representations
The algebra U, (g) is a Hopf algebra with comultiplication A given by
Afi=fi@1+0f, Aei=e@t ' +1®e, A =trotF. (22)

This allows to endow the tensor powers U®" with the structure of a U,(g)-module. Let us write
upi=u;, Q- @u;, fori= (iy,...,i,) € Z". We then have

a VO T
foui = Z q):1:1( iy =k — =kt 1) Uite;, (23)
=1
ijEk
r r
epli = Z q_Zl:ﬁ,l(Silzk_ailEkJrl) Ui, (24)
j=1
l'jEk-‘rl
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where (€; | 1 < j < r) is the canonical basis of Z'.
The g-analogue of the action of &, on V(z)*" given in §2.1.5 is an action of the affine Hecke
algebra.

3.3 The affine Hecke algebra H,

H, is the algebra over Q(g) generated by T; (1 < i < r— 1) and invertible elements ¥; (1 <i < r)
subject to the relations

ITin T, =T TiTi, (25)
I,T; = T;T;, (i—Jj#*£1), (26)
(Ti—q ") (Ti+4q) =0, 27)
Y)Y; =YY, (28)
T,Y; = Y;T; for j#ii+1, (29)
TY.T; = Vi1 (30)

The generators 7; replace the simple transpositions s; of &,, and the generators Y; replace the
generators z; of ér. Because of Eq. (25) (26), for every w € G, written in reduced form as
w =, ---s; we can define T,, := T;, ---T;,. This does not depend on the choice of a reduced
expression. Fori = (i1,...,i,) € Z" we shall also write Y := Yfl Y
There is a canonical involution x — ¥ of H, defined as the unique Q-algebra automorphism
such that
g=q ', T=T" Y. =T,"Y 1Ty,

1

where wy is the longest element of G,. We have the following more general formula, which can
be deduced from the commutation formulas.

Proposition 5 Fors € &, andi € Z", we have: (YT;) = TW*OIYWO'iTwos. O

3.4 Action of H, on U’

Recall the fundamental domain A, := {ieZ" |1 <i <ip <+ <i, <n}of §2.1.5 for the action
of &,. We write §,A, :={je€ Z" | 1 < j1,ja,"+, jr < n}, and we introduce an action of H, on U*"
by requiring that

le/ti = MZji? (1 gjgn ile)ﬂ (31)
U, if ji < Jjiet1,
Tag = S q 'y if jx = Jjit1, (1<k<r—1,jeGA,). (32
ugi+ (g = Quy if ji > iy,
In these formulas, z;i and s are as defined in §2.1.5.

Proposition 6 Eq. (31) (32) define an action of H, on U®" which commutes with the action of

A~

Uy(9).
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Proof —  First we explain how to calculate T;u; for an arbitrary i € Z". Write i = j — nl, with
J€G6,A, and] € Z' (this is always possible, in a unique way). Then by the first formula u; = Y'uj.
Write
1 l
y! — YkA k+1 (Y . Ykk l1 (YkYkJrl)lkHY k42 ler) )

Eq. (29) (30) show that 7, commutes with the second bracketed factor. Indeed, one has for example
TYiYir1 =Y T Y = Y VT

Hence we are reduced to calculate Tle" "“u . For this, we use the following commutation rela-

tions, which are immediate consequences of Eq. (29) (30):

-
Yk+1Tk+ 9—q ZY ]Yk]+17 (l > 0)7

LY = (33)
YiaTi+ (g ZY Y <o)

These relations allow us to express Tiu; as a linear combination of terms of the form Y™ T;u; for
some m € Z" and therefore to calculate Tju;.

Eq. (32) is copied from some classical formulas of Jimbo [J1] which give an action of the
finite Hecke algebra H, = (T} | 1 < k < r— 1) on the tensor power V®" of the vector representation
of U, (sl,). This action commutes with the action of U,(s[,) (quantum Schur-Weyl duality). The
above discussion shows that Eq. (31) allows to extend this action to an action of ﬁ, on U®".
Comparing Eq. (31) and Eq. (23) (24), we see easily that the action of U, (g) commutes with the
action of the Y;’s. The fact that the action of 7T; commutes with ey and fy can be checked by a
direct calculation. O

Fori € A,, let H; be the subalgebra of H, generated by the the 7;’s such that s;i =i. This is the
parabolic subalgebra attached to the parabolic subgroup G;. Denote by 1;r the one-dimensional

H;-module on which 7}, acts by multiplication by g~'. Then, Eq. (31) (32) show that the ﬁr—module
U®" decomposes as
== @ Hruiv
icA,
and that

Hu; = @ Q(q)usi = H, @m 15
oeé,/Gi

Hence, U®" is a direct sum of a finite number of parabolic ﬁr—modules, parametrized by i € A,.
Each of these submodules inherits a bar involution, namely, the semi-linear map given by

g=q ', xm=xu, (x€H,).
The following formula follows easily from Proposition 5.
Proposition 7 Letic€ A, and j € (/‘%,i. Then

7 — —I(woi) p—1 .
u=q VT, Uwojs

where wy ; is the longest element of G;. O
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3.5 The g-deformed wedge-spaces

Let .Z, := Z,’;ll Im (7} 4 gId) C U®" be the g-analogue of the subspace of “partially symmetric
tensors” (see §2.1.6). We define 7
NU :=U"" 7,

Letpr: U®" — NqU be the natural projection. For i € Z", we put
Nq Ui i= g ")pr ().

We shall also write Ay u; = u;y Ay uiy, Ny -+ Ny Ui,
The next proposition gives a set of straightening rules to express any A, u; in terms of Aguk’s
with ky > -+ > k.

Proposition 8 Letic 7Z" be such that iy < ixi1. Write ixay =i +an+b, witha>0and 0 < b <n.
Then

Ngi = =iy Ng -+ Ng Wi Ng Ui Ng -+ Ng Ui, ifb=0,
—1 .
Nglhi =  —q Uiy Ng " Ng Wi Ng Uiy, Ng -+ Ng Ui, ifa=0,
fr— _1 . .. . . DI .
NqUi = —q Uiy Ng -~ Ng Ui, Ng Ui Ng == Ng Ui,

—Uiy Ng * Ng Uipran Ng Wiy —an Mg~ Ng Wi,

1 .
—q Uiy Ny Ng Wi —an Ng Uipran Ng = Ng Wi, otherwise.

Proof — To simplify the notation, let us write [ = iy and m = i;. Since the relations only involve
components k and k+ 1 we shall also use the shorthand notations

(,p) = ui1®'”®uik71®”f®”l’®uik+2®'”®uir€U®r7
p) = iy Ng e Ng i N Nt Ng iy Ng - Ng Ui, € Ng"U.

We shall use the easily checked fact that ¥ + Yk’l , commutes with 7} for every p € Z.
Suppose b = 0. It follows from Eq. (32) that T;(I,1) = ¢~ '(I,1). Hence (1,1) € Im (T} +q).
Since (Y, “+ Y ) (Tk +q) = (Ti +q) (Y, “ +Y,.) we also have

A+ Y )00 = (1) + (Lm) € Im (Ti + q),

and thus |/,m) + |m,l) = 0.
Suppose a = 0. Then T;(I,m) = (m,l) by Eq. (32), and

(Te+q)(L,m) = (m,1) +q(I,m) € Im (Tx +q),
which gives |I,m) = —q~'|m,1).
Finally suppose that a,b > 0. By the previous case (m,l + an) + q(I + an,m) € Im (T} + q).
Applying Y + Y, | we get that
(m,l)+ (m—an,l+an)+q(I,m)+q(l + an,m — an) € Im (T +q),

which gives the third claim. a
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Exercise 11 Take r =2 and n = 2. Check that
Uy Ng g = —q_1 ug Ng uy —uz Ng up — q_] uz N\g us,
and that up Ay uz = —q‘1 uz N\g uz. Thus
Ui Ng g = —q " uy Ng U1+ (qu — 1 uz Ay up.

Proposition 9 Let ZL = {i € Z" | iy > ... > i,}. The set {\qu; |i € ZL} of ordered wedges is a
basis of the vector space NU.

Proof — By Proposition 8, the Ayu; with iy > iy > --- > i, span /\ZU . To prove that they are
linearly independent, we consider the g-antisymmetrizer

(Xr = Z (_q)l(‘g>_l(1")‘:))7"Y

s€B6,

Using the relation

Ty, + (' = )T, ifl(ssp) >1(s)—1,

it is easy to check that for every k we have o,.(T; +¢) = 0. Suppose that }; a; (A4u;) = 0 for some
scalars a; € Q(g). This means that };a;u; € 7, C kerq,, thus Y ;a; o,u; = 0. We are therefore
reduced to prove that the tensors o,u; with iy > i, > --- > i, are linearly independent. Since they
belong to ®jez-Z|q, q_l]uj, we can specialize g to 1, and it is then classical that these specialized
tensors are linearly independent over Z. O

- { Tss, if I(ss;) = 1(s) + 1,

3.6 The bar involution of /\ZIU

Note that T; +¢ = T; + g, hence the bar involution of U®" preserves .#, and one can define a
semi-linear involution on A U by

pr(u) =pr(@), (ueU™).

Proposition 10 Leti € A, andj €i-S,. Then

Agll = (_I)I(Wo)ql(Wo)*l(Wo,i) Ag g

Proof — Forany u; € U®" andk=1,...,r— 1, we have
(¢ "+ s = (T +q)us € I,

hence pr (7, 'u;) = —q~'pr (uj). It follows that pr (7, 'u;) = (—¢)~'*")pr (uj). By Proposition 7
we have

7/\q uj — q[(WQ)pr (I/TJ) — ql(WO)_l(WO,i) pr(Tw_Oluwoj) — (_1)1(W0)ql(W0)—l(W0‘i) /\q uwoj-
O

Proposition 10 allows to compute the expansion of A, u; on the basis of ordered wedges by
using the straightening algorithm of Proposition 8.
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Exercise 12 Take r = 2 and n = 2. Check that
ug Ng Uy = g Ng U1 + (q —qil)ug Ng U2.

For i € ZL write Ayjuj = Yjezr aij(q) (Aqu;). Using Proposition 10 and Proposition 8, we
easily see that the coefficients a;j(q) € Z[g,q '] satisfy the following properties.

Proposition 11 (i) The coefficients aij(q) are invariant under translation of i and j by (1,...,1).
Hence, setting p = (r—1,r—2,...,1,0), it is enough to describe the aij(q) for which i— p and
Jj— p have non-negative components, i.e. for whichi— p and j— p are partitions.

(i) If aij(q) # 0 thenic érj. In particular, if i — p and j — p are partitions, they are partitions of
the same integer k.

(iii) The matrix Ay with entries the asj(q) for which i— p and j— p are partitions of k is lower
unitriangular if the columns and rows are indexed in decreasing lexicographic order. a

Exercise 13 For n =2 and r = 3, check that the matrices A for k =2,3,4 are

(6.10) (520) 430) @21
4,1,0)  (3,2,0) (5,1,00 (42,00 (3.2,1)

1 0 0 0
1 0 (1) (1) 8 qg—q~! 1 0 0

-1 -2 —1
9—q 1 a—q' 0 | g°—1 gq—q 1 0
0 7F—-1 qg—q! 1

3.7 Canonical bases of /\;U

Let L* (resp. L") be the Z|q] (resp. Z|g~'])-lattice in NgU with basis {A,u;| i € ZZ }. The fact that
the matrix of the bar involution is unitriangular on the basis { A, u;| i € Z_ } implies, by a classical
argument going back to Kazhdan and Lusztig, that

Theorem 2 There exist bases B¥ = {G{" | i€ ZL}, B~ = {G; | i€ ZL} of NJU characterized
by:

i G =G, G =G,
(i) Gi =AguimodgL*, G; =Aguimodq 'L

Proof — Let us prove the existence of B*. Fix an integer k > 0, and consider the subspace U, of
AgU spanned by the A, u; with i — p a partition of k. Let Iy = {i1,i2,...,in} be the list of i € ZL
such that i — p is a partition of &, arranged in decreasing lexicographic order. By Proposition 11
(1) (i1), it is enough to prove that there exists a basis {G:r } of Uy indexed by I and satisfying the
two conditions of the theorem. By Proposition 11 (iii), Ay u;, = A4 u,,, SO we can take Gj, = u;,,.
We now argue by induction and suppose that for a certain r < m we have constructed vectors

GiJr o G;r IEERES Gi+ satisfying the conditions of the theorem. Moreover, we assume that
Gl =Nt + Y, 04j(g) Aqui,, (i=1,...,m—r), (34)
i<j<m—r

for some coefficients @;;(g) € Z[g|. In other words, we make the additional assumption that the
expansion of Gif y only involves vectors Ayuj with j <i,,;. We can therefore write, by solving a
linear system with unitriangular matrix,

Nq i, = Ngtti, + Z 5]’(51)G+

4 ir-%—j ’
1<j<m—r

21



where the coefficients B;(g) belong to Z]g, g~ ']. By applying the bar involution to this equation
we get that B;(g ") = —B;(q). hence B;(q) = vj(q) —v;(g~") with ¥;(¢) € gZ[g]. Now set

G = Agu, + Z Yi(q) G- i

1< j<m—r

We have G; = Ay u;, mod gL*, G+ G;', and the expansion of G(1") on the standard basis is of
the form (34) as requlred hence the existence of BT follows by induction.

The proof of the existence of B~ is similar.

To prove unicity, we show that if x € gL™ is bar-invariant then x = 0. Otherwise write x =
Yi6i(q) Aqui, and let j be maximal such that 6j(¢) # 0. Then A, u; occurs in X with coefficient
6i(¢"), hence 6(q) = 6;(¢~"). But since 6;(¢) € ¢Z[q] this is impossible. O

Set

Z cij(q) (Aqui) Z Li(—q ") (Ngu ).

Let C, and Ly denote respectively the matrices with entries the coefficients ¢;j(¢) and f;(g) for
which i — p and j — p are partitions of k.

Exercise 14 For r = 3 and n = 2, check that we have

6,1,0) (5,2,00 43,00 42,1 6,1,00 (5,2,00 43,00 42,1
1 0 0 0 1 q q 0
C= 4 1 0 0 Li= o 1 q 0
0 q 1 0 0 0 1 q
q q* q 1 0 0 0 1

3.8 Action of U,(g) and Z(H,) on AU

Since the action of U, (g) on U®" commutes with the action of H,, the subspace .#, is stable under
U,(g) and we obtain an induced action of U,(g) on AjU. The action on A, ; of the generators of

U, (;[n) is obtained by projecting (23), (24):

felhqu) = Zqi OO (gt ). (35)
zj—k

ex(Nqui) = Xr: qufr:i+1(5"1£"75"lz"+')(/\qui,gj). (36)
oL

Note that ifi € ZZ thenite; € ZL :={j€ Z" | j1 > --- > j-}. It follows that either A, Ujre; belongs
to the basis {Aguj | j € ZL }, or Ay uire; = 0. Hence, Eq. (35) (36) require no straightening relation
and are very simple to use in practice.

By a classical result of Bernstein (see [Lul, Th. 8.1]), the center Z( ») of H is the algebra
of symmetric Laurent polynomials in the elements ¥;. Clearly, ( +) leaves invariant the submod-
ule .#,. It follows that Z(H,) acts on AJU = U®"/.#,. This action can be computed via (31). In
particular By = Y, Y,.k acts by

Bi(Aqui) = Y NgUi—nke; (ke Zb). (37)
j=1
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Note that the right-hand side of (37) may involve terms A, u; with j ¢ Z% which have to be ex-
pressed on the basis {Aqu; | i € ZL } by repeated applications of the straightening rules.

Example 2 Take r =4 and n = 2. We have

B2 (ANgu32,1,0)) = Ngt72,1,0) + Ngl(3,6,1,0) F NgU32,50) T Nglh(32,14)-
By Proposition 8,

NgU(3,6,1,0) = —q ' A U(6,3,1,0) T (g >=1)Ng U(5,4,1,0)

NqU250)= =4 Nquasa0 @ =1) Aqupazo =4 Aqs320)

NqUaa1a) = =4 Aquaaan+(a > —1) Aqupasa =—q4"> Agtasa,
which yields

B2 (Aqu32.1.0) = Ngt721.0) =4 Ng U(63.1.0)

(g7 = 1) Aq s an0) +a " Agt(s320) =4 N a2y

3.9 The Fock space

As in §2.2, we shall now construct the Fock space representation of U,(g) as the direct limit of
vector spaces
F =lmAU
—

with respect to the linear maps @y : ALU — AJU (r < s) defined by
Ors(Uiy Ng -+ Ng Uiy) =iy Ng -+ Ng Uiy Ng Uy Ng U—yr—1 Ng -+ Ng U_sy1.

By construction, each A\, u; € AU has an image ¢,(A\,ui) € F which we think of as the infinite
gq-wedge
Or(Aqui) = Uiy Ng =+ Ng Uiy, NgU—rp NgU_r_1 Ng -+ Ng U1 Ng -+

Given a partition A = (A;);cn, where we assume as before that A; = 0 for i large enough, we set
|)L> = U Ng Uiy Ng o Ng Ui, N-e ey

where iy = 4 —k+ 1 (k > 1). It follows from Proposition 8 and Proposition 9 that {|1) | A € &7}
is a basis of .%. As in §2.2.1, we will be using the natural grading of .# given by

deg(|A)) = Z/lk.
%
We will sometimes write |A| instead of deg(|A)), and A F k if |A| = k.

3.10 Action of U,(g) on .

Asin §2.2.4 and §2.2.5, when r — o the compatible actions of U,(g) on the g-wedge spaces AU
give an action on .#, by setting

[ior(Nqi) := Qi1 [iQrrr1(Nquii), €@ (Nqui) := qiaizrq’r(ei(/\q 1)), (iezl).

These formulas have a nice combinatorial description in terms of Young diagrams. Given two
partitions A and g such that the Young diagram of u is obtained by adding an i-cell y to the
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Young diagram of A, let A7(A, 1) (resp. Ri(A, 1)) be the number of addable i-cells of A (resp. of
removable i-cells of A) situated to the right of ¥ (y not included). Set

Then Eq. (35) gives ‘
fild) =Y g% ), (38)
u

where the sum is over all partitions i obtained from A by adding an i-cell. Similarly, Eq. (36)
gives

eilp) =Y g N @P2), (39)
A

where the sum is over all partitions A obtained from g by removing an i-cell, and N/(A,p) is
defined as N/ (A, i) but replacing right by left.

Exercise 15 Check that, for n = 2, we have
fol3, 1) = q'3,2)+3,1,1), N13.1) =41,
el3,1) = q2[2,1), ei3,1) = [3).
Exercise 16 Show that 1;|1) = ¢™*)|1), where N;(A) denotes the number of addable i-nodes

minus the number of removable i-nodes of A. Deduce that the central element K =ty-- -, acts
on.Z as gldz, i.e. Z is alevel one representation of U, (g).

3.11 Action of the bosons on .%#

Leti € ZZ . It follows from the easily checked relations
U_sNgU_r NgU_r—1 Ng - Ngu—s =0, u_ Ngu_r 1Ny Nu_sNgu_,=0, (s=r=0)

that the vector @, By @+(A\yu;) is independent of s for s > r large enough. Hence one can define
endomorphisms By of .% by

Bk(Pr</\q ”i) = (psBk (Pr.,s(/\qui)a (k € Z*, s> 1)- (40)

By construction, these endomorphisms commute with the action of U,(g) on .%. However they
no longer generate a commutative algebra. Using arguments very similar to those of the proof of
Proposition 1, Kashiwara, Miwa and Stern [KMS] showed that

1— —2nk

——4

[Bx,Bi] = 1 —qg 2
0 otherwise.

if k=—1, 1)

Hence the B generate a Heisenberg algebra that we shall denote by 7.

Remark 2 The B;’s are g-analogues of the endomorphisms S, of §2.2.7. We do not have natural
g-analogues of the other bosons f3; with / not a multiple of n. In the classical case, these f3; belong
in fact to g. (For example, B; = Y, e;.) They generate the principal Heisenberg subalgebra p of g.
We lack a nice quantum analogue of this principal subalgebra.

Let C[2# "] denote the commutative subalgebra of U(7¢) generated by the By (k < 0). Let
V(Ao) denote the irreducible highest weight U, (g)-module with highest weight Ag. Using charac-
ters and arguing as in §2.2.8, we get the following analogue of Proposition 2.

Proposition 12 The U,(g) @ U (.5)-modules . and V (Ao) ® C|7~] are isomorphic. O
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3.12 The bar involution of .7
Using Proposition 8 we can check the following

Lemma 1 Leri € Z" and let m > r. Assume that iy, > —m (k=1,...,r) and Y, (ix +k—1) < m.
Then
U_m Ng Uiy Ng -+ Ng Uiy NgU—r Ng -+ Ng U—m+1 =

(—=1)"g= Wy, Ng oo Ng iy NgU—r Ng =+ Ng U1 Ng U,
where a(i) ={j<r|ijZ-m}+4{—r>j=>-m+1|j#—m}. -

Repeated applications of this lemma together with Proposition 10 yield that if i satisfies the hy-
pothesis of the lemma and p > m, we have

Orp(NqUi) = Qi p(Prim(Ng i)
Thus we can define a semi-linear involution on .% by putting
O (Ngui) = Qu(Prm(Ngui)), (ieZ", degp,(Ngui) =m, iy > —m for all k). (42)

In particular, for A = (4,...,4,) € Z and s > ¥ ; A, we have

[A) = @(up, Nguza1 Ng - Ng g, —rt Ag U—r Ng -+ Ng U_si1).-

The following proposition shows that the lowering operators of U,(g) and . commute with the
bar involution.

Proposition 13 For A € &, 0<i<n—1andk € N*, we have

filk)=fild),  B_g|A) = B_|A).

Proof — This readily follows from Eq. (38) (40) (42). (Note that the condition A; > —m in (42)
is preserved by the action of these lowering operators.) a

_ Because of Proposition 12, it is easy to see that Proposition 13 and the normalization condition
|0) = |0) characterize the bar involution of .%. One can also develop a straightening free algorithm
based on Proposition 13 for computing the bar involution, which is much more efficient in practice
(see [L2]).

3.13 Canonical bases of .%#
Letp,:=(r—1,r—2,...,1,0) € ZL. For u € & write
)y =Y biulq)|7).

reP

Then, for |A| = |u| < r it follows from (42) that we have

by (q) = aij(q)

where i = A +p,, j = 4 + p,, and the coefficients a;j(¢) have been defined in § 3.6. Hence by
Proposition 11 the matrix

Bi:=[bau(9)],  (A,pFk)

is unitriangular, and one can define canonical bases {G; | A € 2}, {G; | A € 2} of F charac-
terized by:
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(i) G;=GS, G, =Gy,
(i) G; =[A)modgLf, G, =|A)modq 'L,

where L (resp. Lz,) is the Z[g]-submodule (resp. Z[q~']-submodule) of .# spanned by the ele-
ments |A) of the standard basis. Set

G, = ;d/w(CI) A), Gy = ;ezu(—Q‘l) 1),

and
Dk = [dl/.l (q)]v Ek = [elu (Q)]a ()Lmu + k)
Then, for » > k we have
d/w (q) = C/l+pr,u+p,(CI)> eku(ﬁl) = l/l+pr,u+p,(CI),
where the polynomials cjj(g) and /;5(qg) are those of §3.7.
Exercise 17 Check that
@ GD 22 @11 1,1,11)

1 0 0 0 0
Di= ¢ 1 0 0 0
0 ¢ 1 0 0
9 ¢ q 1 0
¢ 0 0 q 1

Compare with the matrix C4 of Exercise 14.

3.14 Crystal and global bases

Lusztig’s theory of canonical bases for quantum enveloping algebras was inspired by the Kazhdan-
Lusztig bases of Iwahori-Hecke algebras. Independently of Lusztig, Kashiwara gave a different
construction of canonical bases inspired by works of the Kyoto group on solvable models in statis-
tical mechanics. Since in the framework of statistical mechanics g represents the temperature, one
might expect that the representation theory becomes drastically simpler as the temperature tends
to absolute zero and the model crystallizes. This was first observed by Date, Jimbo and Miwa
for g = gl, [DJM], and then generalized to an arbitrary symmetrizable Kac-Moody algebra g by
Kashiwara [Kas1].

In Kashiwara’s approach, the canonical basis of a U, (g)-module M, called global basis of M,
is obtained in two steps. First, one constructs a combinatorial skeleton, called the crystal basis,
which one should think of as a “basis of M at ¢ = 0”. The second step involves the same bar
involution of U,(g) as in Lusztig’s construction, which induces a bar involution on every highest
weight irreducible U,(g)-module. Kashiwara shows that for any irreducible integrable highest
weight U, (g)-module M there is a unique Q(g)-basis of M which is bar-invariant and “coincides
with the crystal basis at ¢ = 0” [Kas1]. This is the global basis of M, and it is identical to Lusztig’s
canonical basis of M, as shown by Grojnowski and Lusztig [GL].

By Proposition 13, the restriction of the bar involution to the submodule U,(g)|0) = V(Ao)
coincides with the Kashiwara-Lusztig bar involution of the irreducible module V (Ag). Moreover,
it was shown by Misra and Miwa [MM] that in the crystal limit ¢ — O the standard basis of .%
tends to a crystal basis of .%. The subset of the standard basis labelled by the set of n-regular
partitions, i.e. partitions A with no part repeated more than n — 1 times, turns out to give “at g = 0"
a basis of V(Ay). This implies
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Proposition 14 The subset {G* (L) | A is n-regular} coincides with Kashiwara’s global basis (or
Lusztig’s canonical basis) of the basic representation V (Ao). O

Thus we have obtained a global basis {G* (1) | A € &2} of the Fock space extending the global
basis of its highest irreducible U,(g)-submodule. In [Kas2], Kashiwara has generalized these

results to the more general Fock space representations of quantum affine algebras introduced in
[KMPY].

4 Decomposition numbers

4.1 The Lusztig character formula

Let U,(gl,) be the quantum enveloping algebra of gl,. This is a Q(v)-algebra with generators
ei, fi, Kj (1<i<r—1,1<j<r)subject to the relations

—1 —1
KK'=K'Kj=1, KK =KK;

KK ' —K'K;
—1 8ii—0;; -1 _  —8;j+96;; _ it [ i+1
KjeiKy " =v0=%e;,  KifiKy  =v= O fy, o eifj—eifi =0 —— — 75—,

1—aj;
N 1 —ajj 1—ai;—k .
I I I (]

1 —djj 1— ,“—k . .
N R L)
k=0 v
Here, A = [a;j]1<i j<r—1 is the Cartan matrix of type A,_;. Let U,7z(gl,) denote the Z[v, vl)-
subalgebra generated by the elements
k k
W ._ & . Si e
e/ = ik fi = ik K7, (ke N).

Let § € C be such that {? is a primitive nth root of 1. One defines U (gl,) := U,z(gl,) Q711 C
where Z[v,v~!] acts on C by v+ { [Lu2, Lu3].

Let A € ZZ. There is a unique finite-dimensional U, (gl,)-module (of type 1) W, (A1) with
highest weight A. Its character is the same as for gl, and is given by Weyl’s character formula.
Fix a highest weight vector u; € W,(4) and denote by W, 7(A) the U, 7(gl,)-submodule of W, (1)

generated by u . Finally, put
WC(A‘) = WV,Z(A') QZfyy1] C.

This is a Uy (gl,)-module called a Weyl module [Lu2]. By definition chW; (1) = chW, (). There
is a unique simple quotient of Wy(A) denoted by L(A). Its character is given in terms of the
characters of the Weyl modules by the so-called Lusztig conjecture [Lu3] (now a theorem of
Kazhdan-Lusztig [KL] and Kashiwara-Tanisaki [KT]).

To state it, recall the action of é, on Z" introduced in §2.1.5. Namely, s; (1 <k<r—1)
acts by switching the kth and (k + 1)th components of i, and z; (1 < j < r) by translating the jth
component by —n.
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Theorem 3 (Kazhdan-Lusztig [KL], Kashiwara-Tanisaki [KT]) Lerp = (r—1,r—2,...,1,0).
We have

chL(A Z pasp(— 1) chWe (), (43)

where the sum is over all L € 7%, such that [l + p belongs to the @r-orbit of A +p.

In this formula, the coefficients P# tpAtp

Lusztig polynomials for S,, whose definition will be recalled in the next section.

(—1) are values at ¢ = —1 of some parabolic Kazhdan-

Example 3 Take r=3,n=2and A = (4,0,0). Then A +p = (6, 1,0). The only dominant weights

1 € Z2, such that P i 6.10) (q) # 0 are (4,0,0), (3,1,0), and (2,2,0), and one can calculate

P10.61.0)(@) =1, Ps520)61.0)(@) =4 Pas0)610@) =47

It follows that the character of L(4,0,0) for {? = —1 is given by

hL(4,0,0) = chW, (4,0,0) — chW, (3,1,0) +chW, (2,2,0).

4.2 Parabolic Kazhdan-Lusztig polynomials

The parabolic versions of the Kazhdan-Lusztig polynomials have been introduced by Deodhar
[D]. We refer to [So] for a more detailed exposition.

Up to now, we have been regarding S » as the semidirect product &, x Z", and we have used
the corresponding Bernstein presentation of H,. To introduce the Kazhdan-Lusztig polynomials,
we need to shift our point of view and consider é, as an extended Coxeter group, with generators
80,S1,---,5—1,T subject to the relations

SiSit18i = Sit15iSi+1, (44)
SiSj = SSi, (i—j#=+1), (45)
57 =1, (46)
TS, = 5i117. A

Here the indices i = 0,1,...r — 1 are taken modulo r. The new generators sy and 7 are expressed
in terms of the old ones by

T=25152"""S—1%r, (48)
S0 :Sr_lsr_z--‘S25152-"Sr_1ZIIZr. (49)
The subgroup S, generated by so,s1, . ..,s,—1 is a Coxeter group of type A,_1, and therefore has an

associated Bruhat order, and a length functlon But 6 is not a Coxeter group. However, one can
extend the Bruhat order and the length function of S, to 6 as follows. Let w = t*o,w' = "0’
with k,m € Z, 0,0’ 66 We say that w < w' if and only if k = m and ¢ < ¢/, and we put

I(w):=1(0).
The Hecke algebra H, has the following alternative description. This is the algebra over Q(q)
with basis 7,, (w € &,) and multiplication defined by

T,,Ty = T it [(ww') =1(w)+I1(w), (50)
(T —q )Ty +49) =0, O<i<r—1). (51)
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The generators used in §3.3 are T; =Ty, (1 <i<r—1)and Y; =T, (1 < j <r). We can now also
use Tp = T, and 77, which we shall simply denote by 7. This gives another presentation:

IiTin T = Ti1 TiTi1, (52)

LT =T;T;, (i—j#=*l1), (33)

(Ti—q~")(Ti+4q) =0, (54)

TY} - 7}+177 (55)
where now the subscripts i =0, 1,...,r — 1 are understood modulo r.

For the action of &, on Z" defined in §2.1.5, we have
so-i= (i, —n,iz,... 0r—1,i1 +n), T-i= (i, —n,iy, 0, ir—1).

We shall now define another basis (v; | i € Z") of U*". Put v; = u; if i € A,. Otherwise, there is a
unique j € A, such that i belongs to the &,-orbit of j, and a unique element w = w(i) of minimal
length such that i = w-j. Then put v; = T,,v; = T,,u;. This new basis is better adapted to the
Coxeter-type presentation of H,. Indeed, putting ip = i, — n, it is not difficult to see that

™wi = Virg, (iEZr), (56)

Vi if i <igy,
Tvi = g v if iy = iy 1, 0<k<r—1,i€Zz,). (57)
Vit (q_l — q)vi if i > igy1,
Lemma 2 Fori€ ZL, we have vi = u;.
Proof — Write i =zXs-j withj€ A,, k € Z", and s € &,. It is easy to see that the assumption

i € Z2 forces k € ZZ. This in turn implies that [(z*s) = I(z*) 4 1(s), hence T T; = Tx,. Now for
k € ZZ one also has Tx = YK, sov; = Tguj = Yk(Tsuj) = qus.j = u;. O

Recall the decomposition U®" = @ieArﬁrui of §3.4. For every i € A,, the ﬁr—submodule
Hyui = P Qq)uj = D Qq)v;
j€6i j€6,i

is a parabolic module, and therefore has two Kazhdan-Lusztig bases defined as follows. Consider

the two lattices
L= Qa4 =@zl
je,i je6,i

By work of Deodhar [D], there are two bases Cj+, Cj* (je G A) of ﬁ,ui characterized by

o _ _ - _ [
CJ.JF:C;, G =G, C;r:vj mod ¢.%4,", G =vimodg 4,

where x — X denotes the bar involution of H,u; defined in §3.4. By collecting them together for
all i € A,, we obtain two bases Cj+ , G (JEZ) of U ®r called the Kazhdan-Lusztig bases. The
parabolic Kazhdan-Lusztig polynomials are then defined via the expansions

Cj+: Z Pl:j(q)vk, ijz Z ijj(—qil)vk.
keG,i keG,i

They can be calculated inductively, as illustrated by the next example.
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Example 4 Let us take r = 3, n =2 and compute C; for j = (0,6,1). We have (0,6,1) € Gsi
withi= (1,2,2) € A3. So we can start with C(_1 22) = V(122) Next we calculate that

(0,6, 1) = $2505152507 * (1,2,2).

Clearly

Cin3) = Cr122) = V223)-

Now note that for every i = 0,1,2 we have T, —g~! = T; — ¢~', hence applying 7; — ¢! to a

Kazhdan-Lusztig element C; gives a bar-invariant element. Then, setting for short t = g, we

compute successively

(To=1)v3) = V(124 = 1V(223) = C(1 2.4);

(I, — I)C(_l 24) = V(142 TV(124) —1V(232) +f2V(2,2.,3) =Clia2y

(T — I)C(_17472) =V(4,12) —V(142) —1V(2,14) +t2V(1,2.,4) —1V(322) +12V(2,3,2) =Clu 12y
(To— I)C(:U?z) =V(0,1,6) —1V(4,12) —V(0,4,3) +t2V(1,472) + f2V(2,2,3) —1v(124)

— 19025 V(320 H V034~ V232) = Coo,1.6)
(T2 =1)Clo1.6) = V(06.1) ~1V(0.16) — 1V(a2.1) V(a1 2) —1V(03.4)
+V(0a3) T 27V(124) = 20V(1.42) + 2V232) — 27V (203)

2 2 3
—1v(0,52) T17V(02,5 TIV043) — 1 V(034)-

We see that this last vector v =v(g 1)+ V(043) mod 2% . Thus, subtracting

C(_(),473) =V(04,3) — V(03,4 — V(142 +f2V(1,2,4) +12V(2,3,2) - I3V(2,2,3)7

which we can assume already calculated by induction, we get

Clos1) = V06.1) ~1V(0,16) = Va2, T17V12) F V(1 24) —1V(1.42)

+2v(03.0) — V223 — V(052) T V(025) T 1V(043) —FV(03.4)-

4.3 Categorification of \"U

We can now relate the canonical bases of A U to the representation theory of Ue(gl,). Recall the
polynomials J;;(g) defined in §3.7.

Theorem 4 (Varagnolo-Vasserot [VV]) Fori,j € ZZ, we have l;j = P;.

Proof — Take i € Z~ and consider the element D; :=pr(C; ) € /\;U . Then D;j = D; by definition
of the bar involution on AJU. Note that if j € ZZ, then pr(vj) = pr(y;j) = q'™0) A, u; by Lemma 2.
Otherwise, if ji < jx+1 then pr(vj) = —g~ !pr(v,j), as follows immediately from the definition
of pr and Eq. (57). Therefore if k € ZZ and s € &, we have pr (vsk) = (—q) g/ A, uy. We
now use the following simple observation (see [So, Remark 3.2.4]): if iy > i}, and ji > jiy then
P ii(=q7") = —q'P;(—¢"). Since i € ZZ, this implies that

skl

Di=[r!') Pi(—a") Aguj,
=74
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where
[ =[A[r—1]---[1] = '™ Y g 2w

wes,

is bar-invariant. Hence (1/[r]!)D; is bar-invariant and congruent to A, u; modulo ¢~ 'L~. Thus
D; = [r]!G; and the theorem is proved. O

This theorem has the following nice reformulation. Define a Z-linear map t from the Grothen-
dieck group of finite-dimensional representations of U, (gl,) to A"U by

l[WC(l)]Z/\u;H_p, (l EZ;).

Then comparing Theorem 4 and the Lusztig character formula (43) we see that 1[L(A)] is equal
to the specialization at g = 1 of G, o In other words, using a more fancy language, the cate-
gory of finite-dimensional representations of U¢ (gl,) is a categorification of the vector space A\"U

endowed with the specialization at ¢ = 1 of the canonical basis G; (i € Z~).

Remark 3 The above proof of the relation between the canonical basis G; (i € Z.) and the
simple Uy (gl,)-modules relies on Lusztig’s character formula, whose proof requires a lot of work.
There are now two other proofs which do not use Lusztig’s formula, and therefore provide an inde-
pendent proof of this formula (for type A). The first one is due to Varagnolo-Vasserot-Schiffmann
[VV, Sc]. It relies on a geometric construction of the affine v-Schur algebra. The second one [L.1]
uses Ariki’s theorem [A1]. Ariki’s theorem gives a proof of the LLT-conjecture [LLLT], which
relates the simple modules of the finite Hecke algebras H,({) with a subset of the canonical basis
GiJr (ieZ-). In[L1] it is proved that Ariki’s theorem implies the Lusztig character formula (for

type A).

4.4 Categorification of the Fock space

We first describe an interesting symmetry of the bar involution of the Fock space .#. Define a
scalar product on .# by

(IA), [w)) =8, (A,meE ).
Define also a semi-linear involution v — V' on % by setting

d=q"' A=),

where A’ denotes the partition conjugate to A € &7 (that is, the rows of the Young diagram of A’
are the columns of the Young diagram of A). One can show [LT2, Th. 7.11] that

(u,vy =@V, (u,v € F). (58)

Let {G} } denote the basis of .Z adjoint to {G } for the above scalar product. In other words,
(G}, Gjf) = Oy - Write

GiZ%‘,gz,u(Q)I?t), and  Gi:=lgau(q)l,  (A,pFk).

Since {|A)} is an orthonormal basis, we have Gy = D,:l, a unitriangular matrix with off-diagonal
entries in ¢Z[q|.

Proposition 15 For A € & one has (G}) = G,
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Proof — We have to prove that (G} )’ satisfies the two defining properties of G, namely

(G3) =) mod ¢ 'L, (G;) = (G})"
Since Gy is unitriangular with off-diagonal entries in gZ[qg|, G; = |A) mod gL, which implies
that (G3)' = [A/) mod ¢~ 'L.,. The second property is equivalent to

(G, (GY)) =8, (A, mkk),

because {(G})'} is the basis adjoint to {(G;)'}. Now, by Eq. (58),

<(G7}1)/> (G:L_)/> = <G}1 > Gfﬁ) = <Gi ) G;—D = 5/17;1-

Proposition 15 amounts to say that g3, (¢) = ex/u/(¢), or in other words that

Y euy(—=q)dp(a) =Gy, (A,ubEk).
Yk

In particular, setting g = 1 we get

Yewy(—Ddy(1) =8y, (Aukk).
Yok

Since by Theorem 4, we have that the coefficient of chW (1) in chL(4) is equal to

ll+p,u+p(_1) = eku(—l)a

it follows that

dpu(1) = [We(A') : L(n')]
is the multiplicity of L(u') as a composition factor of the Weyl module W, (A'). Thus the values at
g = 1 of the coefficients d; , (q) of G; are decomposition numbers for U¢ (gl;), as was conjectured
in [LT1].

It is more natural to state these results in terms of the v-Schur algebras .7 (&). Here & = {2
and, by definition, .#% (&) is the image of U, (gl ) in the endomorphism ring of the kth tensor power
of its defining k-dimensional representation. Thus, the category of .4 (& )-modules is nothing else
than the category of polynomial representations of degree k of Uy (gli). The algebra (&) is
quasi-hereditary, and its simple objects can be identified with the L(A) for A - k. (For a nice
exposition of the theory of quasi-hereditary algebras and their tilting modules, we refer to [DR]).
Consider the category

C = @modﬂk(é).
keN
This can be regarded as a categorification of the Fock space .7, with the G, being the classes of
the simple objects L(A) of ¢, and the |A) the classes of the standard objects Wy (4).

Moreover, let T(A) denote the indecomposable tilting ., (£ )-module with highest weight A.

By [DPS, Prop. 8.2] which states that

We (A1) L(u)] = [T (u) : We (A)],

we see that [T'(u) : Wy (A)] =dj 4 (1), and the G* (1) are the classes of the indecomposable tilting
objects T(A).
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5 Fock space representations of U, (g[n) : higher level

In this section we sketch following Uglov [TU, U1, U2] a g-analogue of the constructions of §2.3.

We fix an integer £ > 1.

5.1 ActiononU

The g-analogue of the action of g on V(z) used in §2.3.2 (a) is the Q(q)-vector space

U =P Q(q)u,
keZ
with the U, (g)-action given by
ey = Ok=it1Uk—1, fitg = Sp=ittpy1, (I1<i<n—1),
ey = OG=1Up 10— 1)ns Jok = Ok=0Upi14(t—1)ns
g = @Oy 0<i<n—-1)

Exercise 18 Check that this defines a level 0 representation of U, (g).

We consider again

V= @Q(Q)viv

i=1

and also ,
W= @Q(Q)W/

j=1

Then we can identify W @ V ® Q(g)[z,z~!] with U by
wj®vi®zkzui+(j,1)n,gnk, (I1<i<n, 1<j<{ keZ).

The above action can be rewritten as

ei(Wg@ve®2™) = Sle=it1 modn) Wd @ Vo1 ® 7"t 0<ig<n—1),
fi(Wd @ Ve ®Zm) = 6(4‘51’ mod n) Wd @ Vet1 ®Zm_6i‘0a (0 Sisn— 1)a
l’i(wd®vc®zm) — q(srzi mod n—0c=i+1 mod n) Wd®v6®zm’ (O< lgn_l)

Here it is understood that vo = v, and v, = v;.
Put p:= —¢!
we denote its generators by é;, f;,f; (0 < i< {—1). Itacts on U by

éi(wd @ Ve ®Zm) = 5(dEi—&-l mod £) Wd—1 X Ve ®Zm+6i'07 (O <is</l— 1)7
fiwa@ve®2") = la=imod 1) Wa+1 RV, "%, 0<i<li-1),
ii(Wd®Vc®Zm) = p(@izimod ¢—04=iy1 modé) Wd@\)c@zm’ (Oglgf_l)

(59)

and consider the quantum affine algebra U,(g) = U, (f/:\[g) To avoid confusion,

Here it is understood that wy = wy and w4 = wy. Clearly, the actions of U,(g) and U,(g) com-

mute with each other.
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5.2 The tensor spaces U%"

Let r > 1. Using the comultiplication A of (22) we get a level 0 action of U, (g) on U®". Similarly,
we endow U®" with a level 0 action of U, (g) using the comultiplication

Afi= i1 +i®f, Aé=é6@i ' +1Re, A =if@ir. (60)

We have endowed V<" @ Q(g)[z5, .. ., z;7] with a left action of H, in §3.4. We can also define
aright action of H, on W*" by

— Wi if iy <igy1,
WiTk: (—q)wi ifik:ik+1, (1 gkér—l).
Wit (@ —q)wi if ik > i,

Here, for i = (i1,...,is) € [1,£]" we write w; = w;, @ --- @w;, € W, This is a g-analogue of the
right action of &, on W®” given in §2.3.2 (b).

5.3 The g-wedge spaces \,U

Following Uglov, we can now define
NU =W @p, (V" 0Q(q)z1---,5]) - (61)

Note that this is indeed a g-analogue of A"U, by Proposition 3. As in the case ¢ = 1, the g-wedge
space A U is endowed by construction with a basis of normally ordered g-wedges {A\,u; |i € Z"}.
However, the straightening relations are now significantly more complicated, and they depend
both on n and £. We shall not reproduce them here (see e.g. [U1, §2.1]).

5.4 The Fock spaces F[my]

Passing to the limit r — oo, we get for every m € Z a Q(q)-vector space .%,[¢| with a standard
basis consisting of all infinite g-wedges

/\in = /\quiz/\q"'/\quir/\q"'a (i: (il >y > e >0 > ) EZN )7
which coincide, except for finitely many indices, with
0) 2=ty Agtm—1Ng - NgUm—r NgUm—r—1 Ng -+

We can label the elements of this basis by partitions in exactly the same way as in §2.3.3. We shall
write, with the same notation
Aqiti = [A,m) = Ay, my).

We can then define F[my] as the subspace of .%,[¢] spanned by all vectors of the standard basis
of the form |A,,my) for some ¢-tuple of partitions A,. This is the g-deformed Fock space of level
¢ with multi-charge my. Indeed, it is a level ¢ representation of U,(g). The isomorphism type of
F[my] as a U, (g)-module depends only on the (unordered) list of residues modulo n of the compo-
nents of my. There are some nice g-analogues of the combinatorial formulas of Proposition 4 for
the action of the Chevalley generators on the standard basis (see e.g. [U2, §2.1]).

The Fock space F[my] is also endowed with the action of bosons By given by

Bi(Aqui) =Y NqUi-nike; (ke Z"). (62)

=1
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They generate a Heisenberg algebra [U2]:

o q72kn)(1 _ quké)

(1
[Bkam] = 5k~,—mk (] _ q—2k>2 ’

(k,m e Z").

5.5 The canonical bases of F[m/]

One can define a bar involution on .%,[/(], either by flipping g-wedges (as in Prop. 10) or by
using the bar involution of H,. Ttis expressed by a unitriangular matrix on the standard ba-
sis, and it preserves the subspaces F[my]. This allows to introduce, as in §3.13, canonical bases
{G(A,,m))T| A, € 2} and {G(A,,my)~| A, € 22} of F[my] characterized by:

@) G(Apmy)t =G(A,m)",  G(A,me)” = G(Agmy)",

(i) G(Apmy)t =[A,,my) mod gLt [my], G(A,,my)” =|A,,my) mod g~ 'L~ [my],

where Lt [my| (resp. L~[my]) is the Z[g]-submodule (resp. Z[g~']-submodule) of F[m| spanned
by the elements of the standard basis.

We denote by A" [m] the transition matrix from the standard basis to {G(A,,m/)*| 1, € 2*}
in the degree k component of F[m,]. Uglov [U2, Th. 3.26] has given an expression of the entries of
A,f [my] in terms of parabolic Kazhdan-Lusztig polynomials for &, which generalizes Theorem 4.

5.6 Comparison of bases

Letmy = (my,...,my) and mj = (m/,...,m;) be two multi-charges such that

m; = m} mod n, (1<i<d). (63)

We have seen that F[m/] and F[m)] are isomorphic representations of Uy (g), but the formulas for
the action of the Chevalley generators on the standard basis of these two Fock spaces are not the
same, and the matrices A}"[m,] and A" [m)] are in general different. It is a very interesting problem
to determine under which additional conditions on m; and mj we have an equality. A first result in
this direction was proved by Yvonne [Y1]. He showed that if m; and mg are sufficiently dominant,
i.e if

mp s> my > e3> my, my > mh > > my, (64)

then A" [m,] = A"[m)]. The proof is based on the fact that the Fock spaces F[m/] and F[m/] are
weight spaces of .%,,[(] for the action of U, (g[g) [U2, §4.2]. When the condition (63) is fulfilled,
the corresponding ;[g—weights A and A’ are in the same orbit of the Weyl group é(g. If moreover
(64) holds then A’ = 5; ---5;,(A) and for every k = 1,...,r the weight s;, - - -s;, (A) is extremal on
its ix-string. Yvonne then proves that the canonical basis is “preserved” under such reflexions.

5.7 Cyclotomic v-Schur algebras

Dipper, James and Mathas [DiJaMa] have introduced some ¢-cyclotomic analogues of the Schur
algebras .7 (&) of §4.4. These are quasi-hereditary algebras .#;(&,s;) depending on an /-tuple
of parameters s, = (s1,...,s5¢) € (Z/nZ)". (Here, as in §4.4, we assume that £ is a primitive nth
root of 1.) The simple .#;(&,s;)-modules and the standard .7 (&,sy)-modules are labelled by all
(-tuples of partitions A, = (A(V), ..., 119 with ¥;]A()| = k. James and Mathas [JM] have proved
a Jantzen-type sum formula for the multiplicities of simple modules in the layers of the Jantzen
filtration of a standard module. This allows to calculate the decomposition matrix of . (&,s/) in
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small rank k, but there is no known algorithm or Kazhdan-Lusztig type formula for calculating
these decomposition numbers in general.

Yvonne [Y2] has conjectured that the decomposition matrix of .%(§,sy) is equal to the eval-
uation at ¢ = 1 of the matrix Aki [my] for any multi-charge my satisfying

mi=s;modn, (i=1,...,/) and mp > my S>> my.

In fact, he conjectures more generally that the matrix Aki [m]| without evaluation of ¢ is equal to
the matrix of graded decomposition numbers given by the Jantzen filtration. He then proves that
this last conjecture is compatible with the James-Mathas sum formula, thus obtaining a strong
support for his conjectures.

Rouquier [R] conjectures that all the matrices A,f [my| (without any dominance assumption
on my) should have a similar interpretation in terms of some more general cyclotomic v-Schur
algebras coming from rational Cherednik algebras via the Knizhnik-Zamolodchikov functor.

6 Notes

§2 : The main references are [K], [F1], [F2]. See [MJD] for the relations with soliton equations.

§3 : The main references are [KMS], [LT1], [LT2], [VV]. See [A2] for a more combinatorial
presentation following [MM]. See [L2] for the bosonic side and the connections with symmetric
functions. For a beautiful introduction to quantum groups from the viewpoint of mathematical
physics, see [J2]. Kashiwara has written several surveys of the theory of crystal bases [Kas3,
Kas4].

§4 : See [M] for the ¢g-Schur algebras, their representation theory and decomposition numbers. See
[GS] for a recent interpretation of the canonical basis {G~ (1)} of .Z in terms of characteristic
cycles of modules over the rational Cherednik algebras of type A.

85 : The main references are [U1], [U2], [TU].

The first construction of F[my| (for multi-charges my satisfying 0 <m; < --- <my <n—1)
was given in [JMMO], with emphasis on combinatorial formulas and crystal bases. See also
[FLOTW]. By changing the multi-charge m, (as in §5.6) we obtain several multi-partition de-
scriptions of the crystal graph of an irreducible U,(g)-module. By Ariki’s theorem [A1], they
correspond to different parametrizations of the simple modules of the Ariki-Koike algebras. The
meaning of these parametrizations was explained in [Jac].

Fock space representations for quantum affine algebras U,(g) of classical type have been con-
structed in [KMPY], using the theory of perfect crystals. They may have level £ > 1. Note however
that for g = ;[,1 and ¢ > 1 these Fock space representations are irreducible as U, (g) ® #-modules.
Hence they are not isomorphic to the representations F[my] for ¢ > 1.
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